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We explore a cyclic universe due to phantom and quintessence fields. We find that, in every cycle
of the evolution of the universe, the phantom dominates the cosmic early history and quintessence
dominates the cosmic far future. In this model of universe, there are infinite cycles of expansion
and contraction. Different from the inflationary universe, the corresponding cosmic space-time is
geodesically complete and quantum stable. But similar to the Cyclic Model, the flatness problem,
the horizon problem and the large scale structure of the universe can be explained in this cyclic
universe.
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I. MOTIVATION
The theory of inflationary cosmology has become the
standard paradigm for the early universe, which was
firmly established in the past several decades. Inflation-
ary cosmology not only naturally solves the flatness prob-
lem, the horizon problem and the magnetic monopole
problem, but also elegantly explains the large scale struc-
ture of the universe. Despite of its success, it may be not
perfect yet and suffer from some conceptual problems as
follows.
First, a few common questions may be almost always
asked as follows: What is the inflaton field? How to fine-
tune the scalar potential in order that it is sufficiently
flat? How did the universe begin and why did it start to
inflate? These questions are of great importance for the
theory consummation. Second, inflationary cosmology
suffers from the trans-Planckian problem [1]. In infla-
tionary cosmology, the fluctuations observed in the cos-
mic microwave background had wavelengths at the begin-
ning of inflation smaller than the Planck scale. It is gen-
erally believed that the quantum gravity would become
important at sub-Planckian scales. So the quantum grav-
ity may produce different distribution on sub-Planckian
wavelengths. This different distribution would be inflated
and generate an uncertain correction to the predictions
for the cosmic microwave background anisotropy. Third,
Borde el al [2] showed that the inflationary space-time
is geometrically incomplete in the past directions of the
∗Electronic address: gaocj@bao.ac.cn
†Electronic address: luyj@bao.ac.cn
‡Electronic address: ygshen@center.shao.ac.cn
history of the universe as the expansion rate averaged
along the geodesic is positive, i.e., 〈H〉 > 0. This incom-
pleteness theorem relies on neither the energy condition
nor the Einstein’s equation. In order to solve these prob-
lems, a number of alternative scenarios, e.g., the cyclic
universe [3, 4], the bounce universe [5] and the emergent
universe [6–11] are proposed.
In the Cyclic Model [3], the universe undergoes an end-
less sequence of cosmic expansion and contraction. The
cosmic temperature and energy density are all finite at
each transition point from contraction to expansion or
from expansion to contraction. The Cyclic Model can
solve not only the flatness problem, the horizon prob-
lem, the large scale structure problem, but also the Big-
Bang singularity problem, the current cosmic accelerat-
ing problem and so on. Therefore, the cyclic model may
present a complete description of all phases of the cosmic
evolution.
The cyclic universe model [3, 4] is originally con-
structed in the brane-world scenario. In this paper, we
alternatively construct a cyclic universe by simply intro-
ducing a phantom matter and quintessence matter. In
this cyclic universe, there are infinite cycles of expan-
sion and contraction. Different from the inflationary uni-
verse, the corresponding cosmic space-time is geometri-
cally complete and quantum stable. Similar to the Cyclic
Model, the flatness problem, the horizon problem and the
large scale structure of the universe can be explained in
this cyclic universe.
This paper is organized as follows. In section II,
we present the energy density for the phantom and
quintessence, respectively. Then, by taking into account
both the relativistic matter and dust matter, we con-
struct a cyclic model for the universe and investigate
its cyclic evolution in section III. The total cosmic en-
2ergy density is zero at the transition points, either from
expansion to contraction or from contraction to expan-
sion. Therefore, the Big-bang and Big-crunch singularity
problems are automatically vanishing. In section IV, we
demonstrate that the cosmic space-time is geodesically
complete for both time-like and null geodesics. The par-
ticle and the event horizon are all infinite in this space-
time. So the horizon problem is solved. In section V,
we discuss the variation of entropy of the cyclic universe
and the violation of second law of thermodynamics due
to the presence of phantom matter. In section VI, using
the Wheeler-DeWitt equation, we find that the system
is quantum stable although a negative scalar potential
is present. In section VII, we verify that the primordial
scale-invariant power spectrum problem could be gener-
ated in this cyclic model. Finally, conclusions and discus-
sions are given in section VIII. Throughout this paper,
we adopt the system of units in which G = c = ~ = 1
and the metric signature (−, +, +, +).
II. PHANTOM AND QUNITESSENCE
Phantom matter is introduced into in the study of cos-
mic evolution by Caldwell in Ref. [12]. The Lagrangian
of phantom matter takes the form
Lφ = −1
2
∇µφ∇µφ− V (φ) , (1)
with φ the phantom field and V (φ) the phantom poten-
tial. For our purpose, we shall simply take a vanishing
potential. Then it is straightforward to show the phan-
tom φ with the Lagrangian
Lφ = −1
2
∇µφ∇µφ , (2)
contributes the energy density
ρφ = −ρφ0
a6
, (3)
in the background of spatially flat Friedmann-Robertson-
Walker Universe. Here ρφ0 is an integration constant
which has the physical meaning of the minus of energy
density when the cosmic scalae factor a = 1.
Compared to the Lagrangian of quintessence field [13],
the sign before the kinetic term of phantom is not posi-
tive, but negative. So the kinetic energy density of phan-
tom becomes negative. For simplicity, we shall consider
the quintessence field with the Lagrangian as follows
Lψ =
1
2
∇µψ∇µψ + ρΛ
3
[
1− 2 sin (4√πψ)] , (4)
which contributes the energy density
ρψ = ρΛ − ρψ0a2 . (5)
Here ρΛ and ρψ0 are two integration constants. Th reason
for these specific choices will be given in the next section
and we shall show that, with these terms, a cyclic uni-
verse is constructed.
III. CYCLIC UNIVERSE
Now the Friedmann equation could be written as fol-
lows
3H2 = 8π
(
−ρφ0
a6
+
ρr0
a4
+
ρm0
a3
+
ρk
a2
+ ρΛ − ρψ0a2
)
.
(6)
On the right hand side of Eq. (6), the energy densities
are from phantom field, relativistic matter, dust matter
(which includes dark matter and baryonic matter), cos-
mic spatial curvature and quintessence, respectively. The
parameters ρφ0 , ρr0 , ρm0, ρk, ρΛ, and ρψ0 represent the
present-day energy density of each component, respec-
tively. The parameter ρk can be positive, negative or 0,
and the other five parameters are all positive.
Now we could understand why we introduce the nega-
tive scalar potential. According to the Friedmann equa-
tion for the standard ΛCDM cosmology
3H2 = 8π
(ρr0
a4
+
ρm0
a3
+
ρk
a2
+ ρΛ
)
, (7)
the evolution of the scale factor a is controlled by the rel-
ativistic matter if a is sufficiently small, and a ∝ √t. At
the Big-bang singularity, t = 0, the scale factor vanishes
and the energy density is divergent. In order to erase
the Big-bang singularity and turn the universe from con-
traction to expansion, namely, making the velocity of the
universe a˙ varying from negative (contracting universe)
to positive (expanding universe), it is necessary to intro-
duce the negative energy density. At the turning point,
we should have a˙ = 0.
For simplicity, the negative energy density may be as-
sumed to scale as a−n with n > 4 such that the velocity
of the universe a˙ could cross zero at the minimum of the
scale factor. We take n = 6 in this paper. Similarly, with
the increasing of the scale factor, dark energy dominates
finally. In order to let the universe contract at sometime
in the future, it is also necessary to introduce negative
energy density that dominates at large a, and this den-
sity may be assumed to scale as am with m > 0 such
that the velocity of the universe a˙ could cross zero at the
maximum of the scale factor. In this study, we simply
take m = 2.
Given the Friedmann equation Eq. (6), and the equa-
tion of conservation for energy, we derive the acceleration
equation
6
a¨
a
= −8π
(
−4ρφ0
a6
+ 2
ρr0
a4
+
ρm0
a3
− 2ρΛ + 4ρψ0a2
)
.
(8)
For the present-day universe, we have the Friedmann
equation
3H20 = 8πρ0 , (9)
where H0 and ρ0 are the present-day Hubble parameter
and total cosmic energy density.
3Dividing the acceleration equation Eq. (8) by Eq. (9),
we obtain
2
H20
· a¨
a
=
4Ωφ0
a6
− 2Ωr0
a4
− Ωm0
a3
+ 2ΩΛ − 4Ωψ0a2 , (10)
where the dimensionless constants (the ratio of each com-
ponent in the present-day cosmic energy density) are de-
fined as
Ωφ0 ≡
ρφ0
ρ0
, Ωr0 ≡
ρr0
ρ0
, Ωm0 ≡
ρm0
ρ0
,
ΩΛ ≡ ρΛ
ρ0
, Ωψ0 ≡
ρψ0
ρ0
, Ωk ≡ ρk
ρ0
. (11)
We can let the cosmic time t absorbH0 in Eq. (10). Then
the unit of cosmic time is the present-day Hubble age
τ =
1
H0
. (12)
Eq.(10) is reduced to
2a¨
a
=
4Ωφ0
a6
− 2Ωr0
a4
− Ωm0
a3
+ 2ΩΛ − 4Ωψ0a2 . (13)
FIG. 1: Evolution of the scale factor ln a with the cosmic time
(in unit of the present-day Hubble age).
As an example, we consider the cosmology model with
the following values of parameters, Ωr0 = 8.1 · 10−5,
Ωm0 = 0.27, ΩΛ = 0.73, and Ωk = 0, which are con-
sistent with current observations [14]. As for the values
of Ωφ0 and Ωψ0 , they must be sufficiently small in order
to be not contradict with the well constrained standard
ΛCDM model. However, with decreasing scale factor,
the universe is finally dominated by both the Ωφ0 term
and the radiation. A maximum energy density appears
in this epoch. It is generally believed that the Planck
energy density,
ΩPlanck ≃ 10123 , (14)
FIG. 2: Velocity v ≡ 10−4a˙ of the universe with the cosmic
time t (in unit of the present-day Hubble age).
FIG. 3: Evolution of the total cosmic energy density (ρ) with
the cosmic time t. The unit of t and ρ is the present-day
Hubble age and total cosmic energy density, respectively.
is the highest one. So Ωφ0 is constrained to be in the or-
der of Ωφ0 ≃ 10−68. For Ωψ0 , we simply set Ωψ0 ≃ 10−10,
which is not inconsistent with astronomical observations.
Figures 1 and 2 show the evolution of the scale factor
ln a and the velocity v ≡ 10−4a˙ of the universe with
respect to the cosmic time t. Apparently there are infinite
cycles, expansion and contraction, in the evolution of the
universe. The present-day universe locates at ln a = 0
as we have set a = 1 for the present-day universe. The
minimum and the maximum of the scale factor are amin ≃
(Ωφ0/Ωr0)
1/2 ∼ e−73 and amax ≃ (Ωψ0/ΩΛ)1/2 ∼ e11,
respectively (see Fig. 1). Note here that what characters
the physical size of the universe is not the scale factor, but
4the apparent horizon, event horizon and particle horizon.
We shall come back to this point in the next section.
Fig. 3 shows the evolution of total cosmic energy den-
sity ρ with respect to the cosmic time. The maximum
and minimum of the energy density are the Planck den-
sity and zero, respectively. As seen from Figure 3, the
universe contracts from B to C and expands from C to
D with the increasing of time. The contracting and ex-
panding phase constitute a complete cycle of evolution.
In order to understand the evolution in detail, let’s start
from point A, which represents the time one cycle pe-
riod before the present day (point Now in Fig. 3). In
the first several Hubble ages (a plateau), the universe
is dominated by the term ΩΛ. Then the term −Ωψ0a2
grows and the total cosmic energy density evolves as
ρ ≃ ΩΛ − Ωψ0a2. The energy density decreases with the
expansion of the universe. When the density vanishes,
we find from the Friedmann equation Eq. (6) that the
velocity a˙ of the universe also vanishes but the accelera-
tion of the universe a¨ becomes negative (from Eq. (13)).
So after crossing point B, the universe evolves into con-
tracting phase. B (and D) corresponds to the maximum
of the scale factor as clearly shown in Fig. 1.
In the contracting phase (from B to C), the universe
is first dominated by ΩΛ − Ωψ0a2, and then by ΩΛ (the
plateau), by the matter, by the radiation, and by radia-
tion and term Ωφ0 in a sequence. The maximum of en-
ergy density appears at a ≃
√
6
2
amin. With the increasing
of term Ωφ0 , the comic density decreases sharply to 0 at
a = amin. At the minimum of the scale factor, both the
cosmic density and the cosmic velocity vanishes (point
C). After point C, the universe goes into the expanding
phase. At the turning point C, we have a˙ = 0 and a¨ > 0
which follows from Eq. 6 and Eq. 13.
In the expanding phase (from C to D), the universe
is firstly dominated by both the chameleon scalar and
the radiation, ρ ≃ Ωr0/a4 − Ωφ0/a6. Since the density
of chameleon scalar decreases quickly with the expansion
of the universe, the cosmic energy density grows signifi-
cantly. Once the cosmic energy density crosses the maxi-
mum, the universe evolves as the standard ΛCDM model
(before arriving at point D). The present-day universe
locates at ρ = 1 (one unit of present-day cosmic energy
density, ρ0). It is apparent the age of the universe (from
the maximum energy density to Now) is within one Hub-
ble age which is consistent with observations.
IV. GEODESIC COMPLETE SPACE-TIME AND
HORIZONS
A. geodesic complete space-time
In this sub-section, we show that the space-time of
the cyclic universe constructed in section III is complete
for both null and time-like geodesics. Therefore, there
is no singularity in this space-time. To this end, let’s
first derive the equation of motion for a photon and a
massive particle. The metric of spatially-flat Friedmann-
Robertson-Walker Universe is give by
ds2 = dt2 − a (t)2 (dx2 + dy2 + dz2) . (15)
Then the Lagrangian for a photon and a massive particle
propagating in this space-time is given by [15]
L =
1
2
[
t˙2 − a2 (x˙2 + y˙2 + z˙2)] ≡ ǫ , (16)
where dot denotes the derivative with respect to the affine
parameter τ , and τ is exactly the proper time of a massive
particle. We have ǫ = 0 and ǫ = 1/2 for the photon
and massive particle (with mass of unit one), respectively
[15]. Using the Euler-Lagrange equation, we obtain the
equation of geodesics
t˙2 − ζ
2
a2
− 2ǫ = 0 , (17)
where ǫ = 0 for the null geodesics and ǫ = 1/2 for the
time-like geodesics, and ζ is an integration constant that
represents the momentum of the particle. Therefore, τ is
integrated as
τ = +
∫ +∞
0
1√
2ǫ+ ζ
2
a2
dt =∞ , (18)
for the future-pointing geodesics, and
τ = −
∫ −∞
0
1√
2ǫ+ ζ
2
a2
dt =∞ , (19)
for the past-pointing geodesics, respectively. Equa-
tions (18) and (19) show that the space-time is complete
for both null and time-like geodesics.
B. horizons
In general, there are three horizons in the Friedmann-
Robertson-Walker space-time, i.e., the particle horizon,
event horizon and apparent horizon. In a universe with a
finite age, a photon would only propagate a finite distance
in that finite time and the volume of space from which
we can receive information at a given time is also limited.
The boundary of this volume is called the particle horizon
which is given by
dp = a
∫ t
ti
dt
a
, (20)
where ti is the beginning of the universe. For the
cyclic universe presented above, we have ti = −∞ and
amin ≤ a ≤ amax. So the corresponding particle horizon
is infinite.
The event horizon is defined as the complement of the
particle horizon. It encloses the set of points from which
5photons sent at a given time t will never be received by
an observer in the future. For our cyclic universe, we find
the physical size of the event horizon is also infinite,
de = a
∫ +∞
t
dt
a
=∞ . (21)
The apparent horizon is a marginally trapped surface
with vanishing expansion and has been argued to be
a causal horizon for a dynamical space-time. The ap-
parent horizon is associated with the Hawking temper-
ature, gravitational entropy and other thermodynamical
aspects [16–18]. The first law of thermodynamics for the
apparent horizon has been derived not only in general
relativity but also in several alternative theories of grav-
ity, including the Lovelock, nonlinear, scalar-tensor, and
braneworld theories [19–25]. Therefore, it is of great im-
portance for us to consider the apparent horizon in the
cyclic model of the universe. For the spatially flat uni-
verse, the physical size of the apparent horizon is given
by
da =
1
H
. (22)
We recognize that it is exactly the Hubble scale or the
Hubble horizon. For our cyclic universe, we find there
is a minimum of the physical size of the apparent hori-
zon, namely, the Planck length. At the turning points
from expansion to contraction (and from contraction to
expansion), the Hubble radius is infinite. Since the par-
ticle horizon and event horizon are infinite, the cosmic
horizon problem is solved.
V. ENTROPY OF THE CYCLIC UNIVERSE
AND VIOLATION OF SECOND LAW OF
THERMODYNAMICS
The cyclic universe constructed above is precisely
cyclic in the evolution of the scale factor of the universe.
The early work of Tolman [26] in the 1930s showed that
such a universe is in fact impossible as long as the usual
laws of thermodynamics hold. The second law implies
that the entropy always increases, and this implies that
from one cycle to the next, the universe must grow. We
find that the second law of thermodynamics is actually
violated in the presence of phantom matter. So Tolman’s
proof does not apply. In the next, we shall show this point
in detail.
Many researches [27] on the relation between thermo-
dynamics and gravitation theories indicate that the en-
tropy of the universe is proportional to the apparent hori-
zon area of the universe, which is also implied by the
holographic principle
S =
1
4
A =
1
4
· 4πd2a =
π
H2
, (23)
where da is the radius of cosmic apparent horizon defined
by Eq. (22). Then the variation of cosmic entropy with
respect to the cosmic time t is
dS
dt
= − 2π
H3
H˙
= 3πda (1 + w
′) . (24)
Here w′ is the equation of state defined as w′ =
∑
i
pi∑
i
ρi
,
where i represents the i-th component of matters. In
the last step, we have used the Einstein equation, H˙ =
−4π (ρ+ p). Eq. (24) reveals that for the dust matter
(w′ = 0), relativistic matter (w′ = 1/3) and quintessence
matter (−1 ≤ w′ ≤ 1) dominated expanding universe,
the entropy of the universe is always increasing. However,
for a phantom dominated expanding universe (w′ < −1),
the entropy of the universe is decreasing. This is very
much similar to the finding of Babichev et al [28] that the
black hole mass (namely, the black hole entropy, S ∝M2)
decreases with the accretion of phantom matter. Actu-
ally, Ref. [29] has noted that the entropy of the phantom
matter is negative. Then we conclude that the second
law of thermodynamics in the phantom dominated uni-
verse is violated. This is closely related to the violation
of null energy condition (ρ+ p > 0) by phantom matter.
VI. QUANTUM STABILITY
In this section, we shall consider the quantum sta-
bility of this cyclic universe model. In the approxima-
tion of minisuperspace, the wave function of the universe
depends only on one freedom, the scale factor a. The
Hamiltonian of the universe is given by
H = − 1
3πa
[
p2a + U (a)
]
, (25)
where
pa = −3π
2
aa˙ , (26)
is the momentum conjugate to a and the potential U(a)
is given by
U (a) =
9π2
4
a2
(
1− 8π
3
a2ρ
)
, (27)
where ρ is total energy density of the universe. Then the
Hamiltonian constraint H = 0 gives exactly the Fried-
mann equation, Eq. (6).
In the theory of quantum cosmology, the universe is
described by a wave function Ψ(a). The conjugate mo-
mentum pa becomes a differential operator −i dda and
the Hamiltonian constraint is replaced by the Wheeler-
DeWitt (WDW) equation [30]
H Ψ = 0 , (28)
i.e., (
− d
2
da2
+ U
)
Ψ = 0 . (29)
6FIG. 4: The evolution of the potential U(a). Points C and D
mark the minimum and maximum of the scale factor a, re-
spectively. The region between C and D is classically allowed.
As the potential is divergent when a → 0 and a → ∞, the
universe can not tunnel to the classically forbidden regions.
Fig. 4 shows the potential U with respect to the scale
factor a. There is an oscillating region between the clas-
sical turning points C and D which correspond to the
minimum and maximum of the scale factor, respectively.
The region between C and D is classically allowed.
The semiclassical tunnelling probability as the universe
bounces at C can be determined from
P ∼ e−2SWKB , (30)
where the tunnelling action are
SWKB =
∫ amin
0
√
Uda = +∞ , (31)
Since the tunnelling probability is vanishing, the cyclic
universe is able to last forever. In other words, this model
of cyclic universe is not immune to collapse and it is
indeed quantum stable.
VII. GENERATION OF SCALE-INVARIANT
POWER SPECTRUM
In the Cyclic Model [3] of the universe, because the
equation of state w′ ≫ 1 during the contraction phase,
the universe is homogeneous, isotropic and flat [33] with a
scale-invariant spectrum of density perturbations [31, 32].
The w′ ≫ 1 condition also ensures that anisotropy is
small and first order perturbation theory remains valid
until just before the bounce [33, 34].
On the other hand, it is well-known that in order to
generate scale invariant curvature perturbations in a con-
tracting universe, two scalar fields are necessary. For
the most recent models, see Ref. [35]. Fig. 5 shows the
evolution of w′ with the natural logarithm of the scale
factor (lna). As shown in Fig. 5, w′ ≫ 1 in the vicin-
ity of bouncing point B (or D) (see Fig. (1), Fig. (2) or
Fig. (3)). Thus we conclude that the flatness of spacetime
and the scale-invariant primordial power spectrum can
also be generated in the present cyclic universe model.
Furthermore, we find the scale-invariant power spectrum
could be generated in the vicinity of bouncing point C
(or E). In this section, we shall study the generation of
scale-invariant power spectrum in the vicinity of bounc-
ing points.
FIG. 5: Evolution of the equation of state w′ with the natural
logarithm of scale factor lna. We have | w′ |≫ 1 in the vicinity
of the turning point from expansion to contraction (and from
contraction to expansion)
A. Bouncing point C (or E)
Around the bouncing point C (or E, see Fig. (1),
Fig. (2) or Fig. (3)), the evolution of the universe is gov-
erned by the following Friedmann equation
3H2 = 8π
(
−ρφ0
a6
+
ρr0
a4
)
. (32)
Rewrite above equation of motion with the conformal
time η and rescale both the cosmic comoving time and
the scale factor, we derive the evolution of the scale factor
a =
√
1 + η2 . (33)
Here the minimum of the scale factor is rescaled to be
unit one and η = 0 denotes the bouncing moment. In the
vicinity of bouncing point, namely, |η| ≪ 1, the comoving
Hubble parameter H could be safely approximate as
H =
η
1 + η2
≃ η . (34)
7Fig. (5) tells us the total equation of state in this epoch
is very much smaller than −1. So we can effectively use
the phantom matter to describe the matter content of the
universe. Because the evolution of the linear perturba-
tions is determined by the background evolution, namely,
the evolution of the Hubble parameter, we need not to
know the expression of phantom potential in great detail.
The equation of motion for the adiabatic scalar per-
turbations is derived in Ref. [36]
v
′′
k +
(
k2 − z
′′
z
)
vk = 0 , (35)
where
z ≡ a
H
√
| ρ+ p | , (36)
and the prime denotes the derivative with respect to the
cosmic comoving time. Taking into account the Fried-
mann equation, the acceleration equation and the ex-
pression of Hubble parameter, Eq (34), we have
z ≡ a
H
√
| ρ+ p | ∝ a
H
√
| H˙ |
=
a
[
1
a
(
H
a
)′]1/2
H
a
≃ 1
η
. (37)
Here dot denotes the derivative with respect to cosmic
time t and H is the Hubble parameter in terms of the
comoving time η. So
z
′′
z
=
2
η2
. (38)
Then the equation of motion for the adiabatic scalar per-
turbations turns out to be
v
′′
k +
(
k2 − 2
η2
)
vk = 0 . (39)
Refs. [37] and [38] have shown that above equation lead
to exact scale invariant power spectrum.
B. Bouncing point B (or D)
Similarly, around the bouncing point B (or D), the
Friedmann equation is given by
3H2 = 8π
(
ρΛ − ρψ0a2
)
. (40)
Rescale the cosmic comoving time and the scale factor,
we obtain the evolution of the scale factor
a =
1√
1 + η2
. (41)
Here the maximum of the scale factor is rescaled to be
unit one and η = 0 denotes the bouncing moment. So
in the vicinity of bouncing point |η| ≪ 1, the comoving
Hubble parameter H is
H = − η
1 + η2
≃ −η . (42)
The total equation of state in this epoch is very much
larger than unit one. Therefore we can effectively use
the quintessence matter (but negative scalar potential)
to describe the matter content of the universe while irre-
spective of the knowledge of the quintessence potential.
We have
z ≡ a
H
√
| ρ+ p | ∝ a
H
√
| H˙ |
=
a
[
1
a
(
H
a
)′]1/2
H
a
≃ 1
η
. (43)
and
z
′′
z
=
2
η2
. (44)
Then the equation of motion for the adiabatic scalar per-
turbations is also give by
v
′′
k +
(
k2 − 2
η2
)
vk = 0 . (45)
In other words, the scale invariant power spectrum could
be also produced in the vicinity of bouncing point B (or
D).
VIII. CONCLUSION AND DISCUSSION
In conclusion, we have explored a cyclic model for the
universe by simply considering a phantom field and a
quintessence field. In every cycle of the cosmic evolution,
the phantom field is dominant in the very early universe
and the quintessence field is dominant in the far future.
There are infinite cycles of cosmic expansion and con-
traction in this model. At the turning points from ex-
pansion to contraction or from contraction to expansion,
the cosmic energy density is zero. So the Hubble horizon
is infinite at these turning points. We also find that the
cosmic spacetime is geodesically complete for both time-
like and null geodesics. Therefore, there is no Big-bang
or Big-crunch singularity in the space-time. We calculate
the particle horizon and the event horizon, respectively,
and find they are infinite. So the horizon problem is van-
ishing. Using the Wheeler-DeWitt equation, we show the
system is quantum stable although a negative scalar po-
tential is present. Finally, we prove that the flatness of
spacetime and the primordial scale-invariant power spec-
trum could be generated in this cyclic model which is
consistent with the findings of Gratton et al [31] and
Boyel et al. [32].
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